BARI-MARKUS PROPERTY FOR RIESZ PROJECTIONS OF 
HILL OPERATORS WITH SINGULAR POTENTIALS 



PLAMEN DJAKOV AND BORIS MITYAGIN 

Abstract. The Hill operators Ly = —y" + v(x)y, x € [0, ir], with iP -1 pe- 
riodic potentials, considered with periodic, antipcriodic or Dirichlet boundary 
conditions, have discrete spectrum, and therefore, for sufficiently large N, the 
Riesz projections 

Pn = — f (z-L)~ 1 dz, C„ = {z : \z - n 2 \ = n} 
2m Jc n 

are well defined. It is proved that 

E \\Pn - P^WhS < OO, 

where P® are the Riesz projection of the free operator and || ■ \\hs 1s the 
Hilbert-Schmidt norm. 



1. Introduction 
We consider the Hill operator 

(1.1) Ly = -y" + v(x)y, x G I = [0, tt], 

with a singular complex-valued periodic potential v, v(x + tt) = v(x), v € HZ C (WL), 
i.e., 

v(x) = v Q + Q'(x), 

where ^ 

QeLf oc (R), Q(x + n) = Q(x), q(0) = f Q(x)dx = 0, 

Jo 

so 

(1.2) Q= J2 <l(™y mX > MH-T = \vo\ 2 + £ | 9 (m)| 2 /m 2 <oo. 

mG2Z\{0} mG2Z\{0} 

A. Savchuk and A. Shkalikov [17] gave thorough spectral analysis of such oper- 
ators. In particular, they consider a broad class of boundary conditions (be) - see 
(1.6), Theorem 1.5 there - in terms of a function y and its quasi-derivative 

u = y' - Qy- 

The natural form of periodic or antiperiodic (Per ) be is the following one: 

(1.3) Per* : yfr) = ±y(0), u(tt) = ±u(0) 

If the potential v happens to be an L 2 -function these be are identical to the classical 
ones (see discussion in jS], Section 6.2). 
The Dirichlet be is more simple: 

Dir : j/(0) = 0, y(7T) = 0; 
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it does not require quasi-derivatives, so it is defined in the same way as for L 2 - 
potentials v. 

In our analysis of instability zones of Hill and Dirac operators (see [5J and the 
comments there) we follow an approach ([11] [T2j [2], [3l [4J [5] ) based on Fourier 
Method. But in the case of singular potentials it may happen that the functions 

Uk = e lkx or sin kx, k G Z, 

have their L-images outside L 2 . This implies, for some singular potentials v, that 
we have Lf £ L 2 for any smooth (say C 2 — ) nonzero function / (see an example in 
[2], between (1.3) and (1.4)). 

In general, for any reasonable be, the eigenfunctions of the free operator 

L° c are not necessarily in the domain of L{, c . Yet, in [8] we gave a justification of 
the Fourier method for operators L& c with P _1 -potentials and be = Per^ 1 or Dir. 
Our results are announced in [7], and in [8] all technical details of justification of 
the Fourier method are provided. 

Now, in the case of singular potentials, we want to compare the Riesz projections 
P n of the operator L^c, defined for large enough n (say n > N) by the formula 

(1.4) P„ = -L/ {z~L hc Y x dz, C n = {\z-n 2 \ =n}, 

with the corresponding Riesz projections P° of the free operator L^ c (although 
E® — Ran(P®) maybe have no common nonzero vectors with the domain of Lf, c ). 
In [9], Theorem [H we showed that 

(1.5) \\Pn-Pn\\L^L~^0 as TL ► OO. 

In this paper, the main result is Theorem [lj which claims, for sufficiently large 
N, that 

(1-6) ]T||P n -P„ || 2 HS <co. 

n>N 

For a potential v £ L 2 (| 1 . 6[) is "easy". Indeed, using (jl.9[) and (|1.10[) below, and 
estimating, as in the proof of Lemma 23 in [B], the Hilbert-Schmidt norm of VR° X 
for A € C n (where V is the operator of multiplication by v and i?° is the resolvent 
of the free operator), one could get 

\\P n -P°\\ H s < -\Hv, n>N(\\v\\ L 2), 
n 

with C being an absolute constant, so (|1.6p follows. However, for singular potentials 
v the proof of (| 1 - 5[) and Theorem [1] now is rather complicated. 

Since the Hilbert-Schmidt norm does not exceed the L 2 -norm, (|1.6p implies that 

(1-7) E W P n- P n\\h^ <™, 

n>N 

which was proven earlier by A. Savchuk and A. Shkalikov ([17], Sect. 2. 4). This 
implies (by Bari-Markus theorem - see [TO] , Ch.6, Sect. 5. 3, Theorem 5.2) that the 
spectral decompositions 

(1.8) f = fN+J2 P ^ 

n>N 

converge unconditionally. 
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The proof of Theorem Q] is based on the perturbation theory (for example, see 
[13|). which gives the representation 

(1.9) p„_ P o = 1 /" (i?(A) - R°(\)) dX, 

Z7ri Jc n 

where i?(A) = (A — Ltc)^ 1 and R°(X) are the resolvents of Lb c and of the free 
operator L° c , respectively. 

In many respects the constructions of this paper are parallel to constructions in 
[S], the proof of (| 1 . 5[) : see, for example, comments in the next paragraph. However, 
there is no direct way to use the inequalities proven in [5] and to come to the main 
results of the present paper. 

In the classical case, where v £ L 2 , one can get reasonable estimates for the 
norms ||i?(A) — P°(A)| on the contour C„, and then by integration for \\P n — P®\\. 
But now, with v £ H , we use the same approach as in [9], namely, we get good 
estimates for the norms \\P n — P®\\ after having integrating term by term the series 
representation 

(1.10) R-R° = R°VR° + R a VR°VR° + ■■■ . 

This integration kills many terms, maybe in their matrix representation. Only then 
we go to the norm estimates which allow us to prove our main result Theorem [TJ 

2. Main result 

By our Theorem 21 in 8 (about spectra localization), the operator Lp er ± has, 
for sufficiently large n, exactly two eigenvalues (counted with their algebraic multi- 
plicity) inside the disc of radius n about n 2 (periodic for even n or antiperiodic for 
odd n) . The operator Lr>ir has one eigenvalue in every such disc for all sufficiently 
large n. 

Let E n be the corresponding Riesz invariant subspace, and let P n be the corre- 
sponding Riesz projection, i.e., 

Pn = ^~ I (A - L)-H\, 

where C n — {A : |A — n 2 \ = n.} Further P° denotes the Riesz projections of the 
free operator and || • \\hs denotes the Hilbert-Schmidt norm. 

Theorem 1. In the above notations, for boundary conditions be — Per^ or Dir, 

(2-1) J2 \\Pn-P°\\ 2 HS <™, 

n>N 

Proof. We give a complete proof in the case be — Per^ . If be — Dir the proof is 
the same, and only minor changes are necessary due to the fact that in this case 
the orthonormal system of eigenfunctions of L° is {y/2sinnx, n £ N} ( while it is 
{exp(imx), m £ 2Z} for be = Per + , and {exp(ima;), m £ 1 + 2Z} for be = Per - ). 
So, roughly speaking, the only difference is that when working with be = Per^ the 
summation indexes in our formulas below run, respectively, in 2Z and 1 + 2Z, while 
for be = Dir the summation indexes have to run in N. Therefore, we consider in 
detail only be = Per* . 

Now we present the proof of the theorem up to a few technical inequalities proved 
in Section 3, Lemmas [6] and [7] 
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In [U, Section 5, we gave a detailed analysis of the representation 

oo 

(2.2) R X -R° X = J2 K X (K X VK X ) S+1 K X , 

s=0 

where K\ = - see [8], (5.13-14) and what follows there. 

With this definition the operator valued function K\ is analytic in C \ M+ . But 
(|2.2|) , (|2.3p below and all formulas of this section - which are essentially variations 
of (1-11) - have always even powers of K x and K\ = is analytic outside on 
the complement of Sp(L°). Certainly, this justifies the use of Cauchy formula or 
theorem when warranted. 

By (EH), 

i r 00 

(2.3) P n - P° = — / V K x {K x VK x ) s+1 K x d\ 

2m JCn 

if the series on the right converges. Taking into account that the adjoint operator 
of R x (v) is 

(Rx(v))* =Rj(v), 

we get 

„ oo 

(P n - P°)* = — / J2 K^K^VK^K^ 
2m Jen 



where 

(2.4) V(m)=V(-m). 

Since \\{P n - P„°)e m || 2 - ({P n - P„°)*(P„ - P°)e m ,e m ), it follows that 
(2-5) 

||(P n -P°)e m || 2 = --^ / / Y^{K^K^VK^ t+1 K^K x (K x VK x ) s+1 K x e m ,e m )d\d^ 

n J •' V n t,s=0 

where T n = C n x C„. Thus, 

oo 

(2.6) £ HP, - p°i&s -EE H( p « - p ") e ™n 2 ^ E^' s )' 

n>JV n>A' m t,s=0 

where 
(2.7) 

A / / E<^(^^^) t+1 ^^A(^A^ A ) s+1 ^Ae m ,e m )dA ( i A1 



A(t,,s)= E 



n>N 



r„ 



Notice that A(i, s) depends on N but this dependence is suppressed in the notation. 
Our goal is to show, for sufficiently large N, that X)t°s=o Ait, s) < oo which, in view 
of (EH), implies (j2TTj) . 

Let us evaluate A(0, 0). From the matrix representation of the operators K x and 
V (see more details in [8], (5.15-22)) it follows that 
(2.8) 

(K^VK^K x (K x VK x )K x e m ,e m ) = £ I ^X-^X - rn^y 
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By integrating this function over T n = C' n x C n we get 
(2.9) _/ / . . . = J ^p^±« (« 2 -p 2 ) 2 

(n 2 — m 2 ) 2 



Thus, 

-4(0,0) = l n 2_ 2I2 + X! 51 | n 2 212 

[V(n-m)ja | ^ |V(-n-m)| 2 
^ ^ |n 2 -m 2 | 2 ^ ^ \n 2 — m 2 \ 2 

n>N m=£±n 1 1 n>N m=£±n 1 1 

Let us estimate the first sum on the right. In view of p.2[) . 

(2.10) \V(m)\ <\m\r(m), r(m) = max(\q(m)\,\q(-m)\) r G l 2 (2Z). 
Therefore, by Lemma [5l we have 

y- y> \V(p-n)\ 2 K y y \p-n\ 2 \r( P -n)\ 2 

1^2 _ 7}2|2 / j / j 1^2 jp. 12 

1™+"! V n J 

where we use the notation 

(2.11) S a (r) = (j2 H fc )| 2 ) > a>0 - 

\\k\>a J 

Since each of the other three sums could be estimated in the same way, we get 



(2.12) A(0,0)<C(^ + (MO)- 

Remark: For convenience, here and thereafter we denote by C any absolute con- 
stant. 

Next we estimate A(t, s) with s + t > 0. From the matrix representation of the 
operators K\ and V we get 

(2.13) (K^K^VK^K^KxiKxVKxY^Kxem^ra) 

V V(m - hWh - tg) ■ ■ ■ V(it - p)V(p - 3i)V(ji - n) ■ ■ ■ Vjjs - m) 

Notice that if 

(2.14) ±ng{m,p,i 1 ,...,it} or ± n £ {m,p, ji, . . . ,j s }, 

then the integral over C n x C n of the corresponding term in the above sum is 
zero because that term is, respectively, an analytic function of fj,, < n and/or 
an analytic function of A, |A| < n. This observation is crucial in finding good 
estimates for A(t, s). It means that we may "forget" the terms satisfying (I2.14|) . 
Moreover, by the Cauchy formula, if 

(2.15) m,p,i 1 ,...,i t £ {±n} or m,p, ji, . . . , j s € {±n}, 
then the integral of the corresponding term vanishes. 
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Hence we have 
(2.16) 



A(t,s)< ]T 



J_ f v V{m -i 1 )---V{i t -p)V{ P -] 1 )---V{ ]s -m) 
4tt 2 J Tn jffr- m 2 )(/z - i 2 )..(/x - p 2 )(A - p 2 )(A - j 2 )..(A - m 2 ) ^ 



n>N 

where I* is the set of t + s + 2-tuples of indices m,ii, . . . ,it,pji, ■ ■ ■ , j s G n + TL 
such that (|2~T4|) and ([2~T5]) do not hold. 

In view of (12.16[) . we may estimate A(t, s) by 

(2.17) A(t,s)<^2n 2 sup V] B(n, m, h, . . . , i t ,p) ■ B(X,p, ji, . . . ,j s , m), 

n>N 0*,A)6r B j» 

where 

(2.18) B(z,m,n,. . . ,i t ,p) = ; ji! T\ i *T\ 21 > 

I Z — 171 \\Z — - ■ -\Z — ll\\Z — p z I 

and 

W(m — p) 



(2.19) B(z,m,p) = 

|z — m z ||z — p A \ 

(in the degenerate case, when there are no z-indices), with 

(2.20) W(m) = max{|F(ro)|,|F(-m)|}, m e TL. 
In view of (|2. 10[) and (|2.4p . we have 

(2.21) W(m) = \m\r(m), where r(— to) = r(m) > 0, r = (r(m)) € 2Z. 
We consider the following subsets of I* : 



(2.22) 


lo 


= {(to, i\, . . . 


,it,P,ji, ■ 


■Js) ■ 


m = ±n, p = ±77} , 


(2.23) 


I*i 


= {{m,h, . . . 


,U,pJu- 


■Js) ■ 


m = ±77, p ±77} , 


(2.24) 


I* 


= {(m,h, . . . 


,it,P,h, ■ 


■Js) ■ 


m =/= ±n, p = ±77} , 


(2.25) 


1*3 


= {(m,h, . . . 


,h,pji, ■ 


■Js) ■ 


m =/= ±n, p 7^ ±71} . 


Since I* 




fc = 0, 1,2,3, 


we have 







(2.26) A(t, s) < A (t, s) + Ai(t, s) + A 2 (i, s) + A 3 (t, s), 

where Afc(t, s) is the subsum of the sum on the right of (|2.16p which corresponds 

to II, i.e., 

(2.27) 

Afc(M) = ^2 ™ 2 ' sup /. B (^ m > ■■■■> i^pyBfapJi, . . .J s , to), fc = 0,l,2,3. 

n>w (M,A)er„ /; 

Let K z denote the operator with a matrix representation 

{K z )j m — - , , 

|z - 771 J ' Ojm 

and let denote the operator with a matrix representation 

W r im = W(j-m). 
Then the matrix representation of the operator K Z WK Z is 

W(j - m) 



(2.28) (X z T^^ z ) jm 



z ■ 



■i 2 |l/2|^- TO 2|l/2 
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and we have (see the proof of Lemma 19 in [8]) 

(2.29) 11^,11 = _L, \\K z WK z \\ HS <p n iov zeC n , n > 3, 
where 

(2.30) p„ = C(^(r) + |M| 2 /n) 1/2 , 

and || • IH-ffS 1 means the Hilbert-Schmidt norm of the corresponding operator. 
Moreover, by (|2.18p . we have 

(2.31) ]T B(z,m,i 1 ,...,i t ,p) = (K z (K z WK z ) t+1 K z e p ,e m ) 

h,—,h 

Estimates for Ao(t, s). Notice, that Ao(t, 0) = and Ao(Q, s) = because the cor- 
responding set of indices Iq is empty (see the text around (|2.15p , and the definition 
of/*). 

Assume that t > 0, s > 0. In view of ([2~22l and (|2~27| . we have 
(2.32) 

A {t,s)<^2n 2 ^2 SU P E B((i,m,i 1) ... ) i t ,p) ^ B(X,p,j 1 

n>N m,p£{±n} (^< A ) er ™ ii,...,i t h,—,js 

Therefore, by the Cauchy inequality, 
/ 

(2.33) A (t,s)< 



1 J 8 



^n>N m,p£{±n} 



E B(n,m,ii, . . . ,i t ,p) 



1/2 



I n>iV m,p£{±n} AeC " 



Lemma 2. In i/ie above notations, 



JU—,]s 



1/2 



(2.34) ^ 7i 2 sup 



n>N 



E B(p,,m,i 1 , . . . ,i t ,p) 



<C\\r\\ 2 p 2 ^ if m,pe{±n}, 



where C is an absolute constant and pn is defined in \2. 30\) . 
Proof. If t = 1, then, by (|2.18[) . the sum a in (pQ4)) has the form 

W(m-i)W(i-p) 



a(m,p) = y n 2 sup 



E 



p — m 2 ||^ — i 2 1 |/i — p 2 1 



p e {±n}. 



One can easily see that 

<r(— n, — n) = cr(n, n), cr(— n, n) = <r(n, — n) 

by changing i to — i and using that FT(— fc) = VF(fc). 

Taking into account that \p — n 2 \ = n for p E C n , and W(k) = |fc|r(fc), we get, 
by the elementary inequality 



(2.35) 



1 2 

r < : 



for /i € C n , i G n + 2Z, i ^ ±n, 
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that 



n 2 \n + i\ 



a(n, n) < 4 V" n 2 \ V" 

n>N \i^±n 

Therefore, by the Cauchy inequality. 



' r(n — i)r(i — n) H — r(2n)r(—2n) 



n>N W±n 1 1 



•(n - i)r(i - n)\ + 128 ^ \r(2n)r(-2n)\ 2 



n>N 



* ^ E E JralK- - Ol 2 + 128||.|| 2 £ K2n)| 2 < Cp 

n>Ni^±n ' ' n>N 

(by (13. 5|) in Lemma [5|). In an analogous way, we get 



a(n,-n) = £ 



E 



VF(n - i)W(i + n) 



n>N \i/±n 



n-»)r(i + n)| < -||r|| 4 < 4/&. 



This completes the proof of (|2.34|) for t = 1. 

Next we consider the case £ > 1. Since |/z — n 2 | = n for /x S C„, by (12 . 1 8[) the 
sum a in (|2.34[) can be written in the form 



o = sup 



n>N 



E 



VF(to - - i 2 ) • • ■ W(i t - p) 



lA»-*?llA»-*il"-|A*-*tl 



m,p € {±w}. 



In view of (|2.28[) . we have (with i = i\,k = i t ) 



a = — r sup 

^ n uec 

n>N 



E 



T^(m - i) 
- \fi-i 2 \V 2 



H tk (m) 



W(fc-p) 



l/i-p) 1 ^ 



i,p e {±n}, 



where (Hik(fJ.)) is the matrix representation of the operator H(/i) = (K^WK^ 
By 



U-l 



1/2 



ll# Mlltts = £ I^(m)! 2 < WK^WK^ < Pn 1 fOT A* e C n) n > N. 



i,k 



Therefore, the Cauchy inequality implies 

( ^ 2(t-i) 1 ^^(m-z)! 2 |W^-p)| 2 

a(m,p)< Pj $ >■ £ — sup £ 



„>Ar n ^ec„— Im-* 2 I Im-£ 2 I 



By (I2.35P and VF(— fc) = VF(fc), one can easily see (changing i with —i, if necessary) 
that 

^|V^(m-i)| 2 ^ 2|iy(n-i)| 2 |I^(2n)| 2 



max 

m— ir 
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In an analogous way, it follows that 

v-^ \W(k-p)\ 2 x 
max sup > — : —7-. — < > 

Therefore, we have 



2\W(n-i)\ 2 \W{2n){< 



n>N \i^±n 



2\W(n-i)\ 2 \W(2n)\ 2 



Since W{k) — |fc|r(fc), by (a + b) 2 < 2a 2 + 2b 2 and the Cauchy inequality, we get 



E 



2\W(n-i)\ 2 \W(2n)\ 2 



< 



E 



n - i 



n + i 



\r(n-i)\ 2 +32n 2 \r(2n)\ 4 



^ 8 HH| 2 E ^^\r{n-i)\ 2 + 'i2n 2 \r{2n)\ 2 \\rf 



Thus, 



( r(m,p)<32||r||V^ 1) 



E E Jral^ -^I'+E K2-)| 2 < C\\r\\ 2 ^ 



%>N i^±n 1 1 n>JV 



□ 



(by (|3.5p in Lemma [5]). 

Now, by (j!Q3")) and (|2TM]) in Lemma [21 we get 

(2.36) A (t,s) < C||r|| 2 p^+ S , t + s > 0, 

where C is an absolute constant. 

Estimates for Ai(t, s). Assume that t + s > 0. In view of (|2.23[) and (|2.27|) , we 
have 
(2.37) 

Ai(M)<5> 2 E 
Therefore, by the Cauchy inequality, 



sup V B(fj,,m,ix,...,i t ,p) sup V B(A,p,ji, . . . ,j s ,m). 



(2.38) Ai(i,s)< E™ 2 E sup 



^2 B(n,m,ii,...,i t ,p) 



1/2 



E n2 E su p 



n>iV m— ±n,p^±n 



ASC„ 



1/2 



Lemma 3. In </ie a&cwe notations, 
(2.39) 



E 



n sup 



<C\\rfp% if me{±n}, 



where C is an absolute constant and pn is defined in A2.30\ ). 
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Proof. If t = 0, then, by (f27T9|) . the sum a in flUgg]) has the form 



o~(m) 



E 



By (12351) . and since W(-k) = W{k) = \k\r(k), 

4\W{m-p)\ 2 



2 \W{m-p)\ 2 
n sup — 7r. 7T77T-, m = ±n. 



<7(m) < £ 



E 



4|VK(n-p)| : 



— 1 2 r ^ Itt.^ — rj^ 1 2 

n>JV,p^±n 1 1 1 n>JV,p^±n 1 ^ 1 



4 E 



+ |2 -~^V 

by (33) in Lemma [3 So, (f2^9|) holds for t = 0. 

If t = 1, then, by (|2~T5)) . the sum cr in (1Q5)) has the form 

2 



E 



n sup 



x ^ T^(m - -p) 
^— ' n|/i — /c 2 ||/i — p 2 



m = zbn. 



By (T235|) . and since W(-fc) = W(k) = |fc|r(fc), we have 



*(±») < E E 

n>AT,p^±Ti \k^±n 



&\n — k\\k — p\ 4r(2n)r(n + p) 



\n 2 -k 2 \\n 2 -p 2 \ 



r(n — k)r{k — p) + 



\n-p\ 



(to get this estimate for m — —n one may replace k and p, respectively, by — k and 
-p). Since (a + 6) 2 < 2a 2 + 2b 2 , we have 



where 



E E 

n>N,p^±n \ k^±n 



a(±n) < 32cti + 32cr 2 



|n + fc||n 2 — p 2 



r(rt — k)r(k — p) 



and 



(72 = ^ 



|r(2n)| 2 |r(n+ P )| 2 

|n-p| 2 " 11 11 



E 



ra> N ,p^±n 

by (|3.3|) in Lemma [5l On the other hand, the identity, 

k-p 1 1 



\r(n +p)\ £ 
\n — p\ 2 



< C\\r\\ 2 p 2 N 



(n + k)(n + p) n + p n + k 



implies that 



— EE 

n>N,p^±n \ k^=±n 

where 



n + p n + k 



\n-p\ 



~{n - k)r(k -p)\ < 2a[ + 2a". 



E 



\n 2 — p 2 \ 2 



^2 r(n - k)r(k - p)\ < 



i k^±n 



\n 2 — p 2 \ 2 
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and 



< 



E ( E 

N,p 9 

E I E 



n>N,p^±n \ k^±n 

r(k — p)\ 2 



r(n — k)r(k — p) 
n + k\ \n — p\ 



\n + k\ 2 \n — p\ 2 



W^qiriiVAr 



n>N,p^±n \k^±n 

(by the Cauchy inequality and (|3.4[) in Lcmma|5}. So, the above inequalities imply 
for t = 1. 

Next we consider the case t > 1. Since |/x — rt 2 | = n for /i G C n , by (|2 . 1 8[) the 
sum a in (|2.39p can be written in the form 

2 

W(m - ii)W(h - i 2 ) ■ ■ ■ W(i t ~ p) 



er(m) = sup 



E 



\ f i-i(\\p-i(\---\p-if\\p-p 2 \ 



m = ±n. 



In view of (|2.28[) . we have (with i = k = it) 

W(m — i) 



cr(m) 



E SU P 



n~>N ,p^±n 



fieC n 



E 



|/i-i 2 |V2 



Hik(p-) 



W{k-p) 



m = ±n, 



where (Hik(n)) is the matrix representation of the operator -ff(/i) = (K^WK^ 
By 



\t-i 



1/2 



= E \ H M\ 2 < WK^WK^l < p^ 1 for /i e C„, Ti > JV. 



Therefore, the Cauchy inequality and (|2.35p imply 



a(±n) < Ap 



2(i-l) 
AT 



E 



su p E 



|t¥(n + i)| 2 + 



| M -fc2| 



(one may see that the inequality holds for m = ±n by replacing, if necessary, i by 
— i and p by — p). 

From ([235)) and W{k) = \k\r(k) it follows that 

V- \W(n + i)\ 2 

SUP > j 



^ 2 E r^4K« + *)| 2 +4n|r(27i)| 5 



and 



sup 



E 



|/Z-fc 2 | 



Therefore, we have 



^ v ■ \k+p\ 2 l2 \n + p\ 2 . l2 \n-p\ 2 . . l2 

^ 2 E i„ 2 >'2i l r ( fc +Pl + — r i - J -k(n+p| 2 + J — ^^^(n-pl 2 



|n 2 -/c 2 | 



cr(±n) < 4/$' 1} (4cri + 2cr 2 + 2cr 3 + 8cr 4 + 4cr 5 + 4cr 6 ), 



where 



0"! 



E 



In 2 — p 2 | 2 \n — i\\n 2 — k 2 \ 

n>N,p^±n 1 ^ 1 i,fc^±n 1 11 1 



E ■!" ± fe t S Hn + 7)| 2 |r( P + fc)| 2 < C\\r\\ 2 p 2 N 
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(by Lemma |6|); 

* — ' \nr — p z r L — ' n\n — i\ 

n>N,p^±n 1 r 1 i^±n 1 1 
n>IV,p^±n 1 ^1 

( since ^r^T = |^=< - ^| - 2 ' and by in Lemma l3; 

V- I" — Pi 2 i / >,2 V l n + *l I C , -M2 ^ n\\ 112 2 

z — ' n z — « z r n n — z 

n>N,p 7 t±n 1 ^ 1 i#±n 1 1 

( the change p — ► — p shows that 03 = (72); 



1 ^212 / j I y^2 jEj2 I 

n>]V,p^±n 1 F 1 fe^irt 1 1 



(by Lemma [7] 



CT5 = 



E liSfc IK2n)| 2 k(n+p)| 2 < £ K2n)| 2 £ |r(n+p)| 2 < C||r|| 2 p?, 



\n — P , 

n>N,p=£±n 1 1 n>N p^±n 

and 

= E 1^^5lK2n)| a |r(»-p)| a = a 5 < C||r|| a p& 

ri>7V,p^±n 1 ^ 1 

(the change p — * — p shows that ag = 05). Hence 

a(±n) < C\\r\\ 2 p%, 

which completes the proof of (|2.39|) . □ 
Now, by (|238f and in Lemma El we get 

(2.40) Ai{t,s) <C||r|| 2 p^, t + s > 0, 

where C is an absolute constant. 

Estimates for A 2 {t, s). Since m and p play symmetric roles, the same argument 
that was used to estimate A\ (t, s) yields 

(2.41) A 2 {t,s) <q|r|| 2 p^, t + s>0, 

where C is an absolute constant. 

Estimates for A${t, s). In view of (|2.25p and the definition of the set /* (see the 
text after (|2.16p ). i| is the set of i + s + 2-tuples of indices (m, i\, . . , , i t ,p,ji, . . . ,j s ) 
such that t > 1, s > 1, and 

m lP yt±n, {ii,...,ii}n{±n}^0, {ji, . . . ,j s } n {±n} ^ 0. 

Therefore, by (|2.27p , we have 
(2.42) 

^3(^,s)<E n2 E sup E s (M)«Mij P) sup E B (^>PJi'---Js,m), 

n>N m,p^±n^ eCn h,...,i t XeCn h,—,j* 
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where * means that at least one of the summation indices is equal to ±n. The 
Cauchy inequality implies 

2\ V2 



(2.43) A 3 (t,s)< 
( * 

x 

X 



n2 SU P 



7i>N m,p^±n 



B(p,m,i 1 ,...,i t ,p) 



Z n2 Z , SU P 



Aec„ 



Lemma 4. In the above notations, 



Z B (X,p,j 1 ,...,j s ,m) 



31, ■■■,3s 



1/2 



(2-44) £ E 



n sup 

>JVm,p#±n AieC " 



£ B(fj,,m,ii,...,i t) p) 



<Ct\\rtpf- l \ 



where C is an absolute constant and Pat is defined in i2.30\ ). 

Proof. Let t < i be the least integer such that i T = ±n. Then, by (|2.18p or (|2.19D . 
and since |/i — n 2 \ = n for [i S C„, 

B((i,m,h,. . .,ir-i, ±n,i T+ i, ...,i t ,p) = nB{^,m,i u . . . , i r _i, ±n)-B(n, ±n, i T+ i, . . . ,i t ,p). 
Therefore, if ct denotes the sum in (|2.44[) . we have 

2 



r=l n—±n n>N m^±n 



^2 B (fi,m,h, ■ ■ ■ ,V-i,n) 



^2 B(p,n,i T+1 ,...,i t ,p) 



»T+1, 



On the other hand, by Lemma [31 



2J B(fi,n,i T+1 ,...,i t ,p) 



r + l,--,H 



Thus, we have 



o-<c\\rrY,p 2 t T) EE« 2 E sup 



2(t-r) 

r— 1 n=±nn>./V m^±n 

Again by Lemma [31 



E" 2 E SU P 



p.ec„ 



<C\\rfp 2 t T \ n>N. 



^2 B(n,m,ii, . . . ,i T -i,n) 



2 2(t-1) 



£ B(/x,TO,ii,...,v_i,n) < C||r|| 2 p^ 
n,...,v_i 

(one may apply Lemma[3]because B{p,m,ii, . . . , £ r _i, n) = -B(/i, ri, Ji, . . . , jV-i, ti)) 
if ji = i r _i, . . . , jr-i = ii). Hence, 
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which completes the proof. □ 
By (|2.43p and (|2.44|) (since the roles of m and p are symmetric in (|2.43jl ). we get 
(2.45) A 3 (t,s) < C^||r|| 4 4 +S ~ 2) <C(t + S )||r|| 4 4 +S " 2) . 

Now we are ready to complete the proof of Theorem [T] Choose N so large that 
Pn < 1. Then, from pT2j) . (|2~26| . (|236]l . ([2T0f . ([2~4T|) and (|2~45"1) it follows that 

OC 

5^ A(t,s) < oo, 

t,s=0 

which, in view of (|^rJ)l . yields (pTTj) . □ 
So, Theorem [T] is proven subject to Lemmas 15161 and [71 in the next section. 

3. Technical Lemmas 
Throughout this section we use that 



n>./V n>JV 



and 



(3.2) £ fa2_-- < " ' 



4 

(n 2 — p 2 ) 2 n 2 ' 



(since 



1 1/1 1 V 1 

< 



(n 2 — p 2 ) 2 An 2 \n — p n + p J 2n 2 \(n — p) 2 (n+p)' 
the sum in (|3.2[) does not exceed 

— f V 1 v 1 \ < _L 2 — — 

2n 2 ^ (n-p) 2 + ^ (n + p) 2 I ~ 2n 2 ' 3 < n 2 
because it 2 < 10). 

Lemma 5. If r = (r(k)) E £ 2 (2Z) (or r = (r(k)) € £ 2 {Z)), then 

\r{n + k)\ 2 (\\r\\ 2 
(3-3) ^ | n _ fc |2 <C^ T + (Mr)) 

n>N,k^n 11 v ' 

and 

^ |r(p + fc)| 2 ^^f\\r\\ 2 . 

where n£N, fc,p£ n+2Z ('or, respectively, k,p £ "L) andC is an absolute constant. 
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Proof. Indeed, we have (with k = n + k, and using (13.1 



E 



\r(n + fc)| 2 



E 



\r(n + k)\ 2 



E E 



\r(n + fc)| 2 



In— k\ 2 ' |n — fc| 2 ' ' |tt, — fc| 2 



<EiEi^)i 2 + Ei^)i 2 E T^r~Ti2 - 



n>JV fe 



|2n-fc| 5 



C 



k>N n/fc/2 

Next we prove (|3.4|) . By the identity 

n + fc 1 1 



AT 



(Mr)) 5 



77,(77, — fe) n — k 2n 
we get (using the inequality ab < (a 2 + b 2 )/2) 
\n + k\ 2 



E 



n>N,k^n 



n 2 \n — fe|' 



\r(n + k)\ 2 = Yl 



n>N,k^n 



n — k 2n 



' i) \r(n + k)\ 2 



< 



2 E | n _ fc | 2 +2LpLl f M)l- 

In view of (13.11) and (13.31). from here (13.41) follows. 



In order to prove (|3.5p . we set p = n — p and fc = 77 — fc. Then 



E 



|r(p + fe)| 2 



= E i^EK2n-p-fe? 



In-npln-fcl 2 ^ p 2 fc2 

n>Af;p,fc^n 1 ^' 1 1 p.fc^O «> JV 

^ E ipEi^-^^i 2 + E E--+E E • 

0<|p|,|fc|<iV/2 ™> w |#|>JV/2 |fc|^o IpI^O |fc|>Ar/2 



C" 



<C(f JV (r)) 2 + -||r|| 2 + - 



N 



N' 



which completes the proof. 



Lemma 6. Suppose that r = (r(fc)) e £ 2 (2Z) (or r = (r(fc)) € i 2 {1).) Then 
(3.6) 



E 



1 



E 



|r(n+«)| 2 |r(fc+p)| 2 < C||r|| 



|7i + z||fc + p| 2 
where C is an absolute constant. 

Proof. Let £ be the sum in (|3.6p . Taking into account that 
k + p 1 1 fc+p 



iV 



□ 



+ (Mr)) 2 , 



(n — p)(n + fc) n—p n + fc' (n + p)(7i — fc) n — fc n+p 
and (n + i)/(n — i) = 2n/(n — i) — 1, we get 



s < y 1 9 1 „ 

* — ' \n z — p z 

Therefore, 



(3.7) 



n—p n+ fc 



1 



1 



n — fc 77 + p 



2/7 



\r{n + i)\ 2 \r(p + k)\ 2 
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with 

1 9n 

( 3 - 8 ) S i=E J^—^TT—M- + i)\ 2 \r(k+ P )f 



\W — p \ \n — i\ 



1 1 Ori 

( 3 - 9 ) * 2 = Y, n» — 21 1 2 t.21 1 — t^" + *)l 2 k(fc + p)l 2 , 



n — 1\ 



^ E » = E K -, 2| ]n-,iln- fc l A |r(71 + ?)|2|r(fc 

( 3 - n ) £4 = £ I 2 ^ 9|i T II TTp 2 " •■ IK" + *)\Mk +P)\ 2 

*■ — ' \n z — p*\ \n + p\ \n + k\ \n — i\ 

(3-12) S 5 = Y, | a 1 a|a |r(n + z)! 2 ^ + p)| 2 , 

z — ' \n z — jr p 

(3-13) S 6 = £ _l__i_| r( „ + j)| 9 |r(* + i>)| 2 , 

(3.14) S 7 = £ | / 2M 1 || 1 h M n + l )\ 2 \r(k + p)\ 2 , 

* — ' \n — p \ \n — p\ \n— k\ 

(3.15) S 8 =E | 2 1 2|| 1 || * > (n + z)| 2 |r(fc+ P )| 2 , 

' — ' pi z — p \ \n + p\ \n + k\ 

where the summation is over n > N and i,k,p ^ ±n. 

After summation over k in (|3.8[) we get, in view of (13. 2ft . 



2 



Si<IH| 2 - £ ^|r(n + i )| 2 ^^^ 
z — ' n — in 

n>N,iji±n 1 1 

r(n + i)| 2 ^ ^(n + i)! 1 



< 0|wr £ E 

\n>A r ,i^±n 1 1 n>N,ijt±n 

From here it follows, in view of l|3.ip and (|3.3p . that 
(3-16) S 1 <C 1 ||r|| 2 (^M! + (fjv(r ) ) ^ 

By the inequality 2ab < a 2 + b 2 , considered with a = l/\n 2 —p 2 \ and b = 
one can easily see that 

(3.17) E 2 < El 

Since 

2n 11 

n 

we have 
where 



n 2 — p 2 n — p n + p 



£3 < £3 + S 3 , 



S 3 = Y 1 ~ 191 1 ,1 1 1 , |r(n + i)| 2 |r(fc+p)| 2 . 
d ^ |n -_p| 2 1 7i - fc| |n - «| 
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and 

Eg = Y | 2 1 2 1 i 1 i 1 , |r(n + z)| 2 |r(fc+p)| 2 . 
d ^ |n 2 -p 2 | |ra - k\ \n - i\ 1 v n 1 v yl 

The inequality 2a6 < a 2 + 6 2 , considered with a = l/|n — fc| and 6 = l/\n — i\, 
yields 

^ E p^f^Em» + ..i= 

n>N-p.k^n 1 ^' 1 1 i 

n>N;i^n 1 1 1 ^' fc v 7 

(by (|3.3[) and (|3.5p in Lemma [5]). In an analogous way, by the Cauchy inequality 
and (|3.3[) and (|3.5[) in Lemma we get 

1/2 



\ 1/2 

E^Ei^+rii 2 s 



1/2 

E ^E^E^+»)i 2 ) <c(^: + (Mr))- 

i n>A r ;i/n 

Thus, 



Irll 2 . 



(3-18) E 3 <a^ + (f w (r)) J l||r|| J . 

Next we estimate E7. After summation over i we get 

^ = imi 2 • E 1 2 1 211 1 I, 1 J Kp + fc)l 2 - 

' — ' |n z — | |n — p\ \n — k\ 
Now the Cauchy inequality implies 

^<hM E ^EMP+m 2 E pt^Sp 

yn>Af;p^±n 1 ^ 1 fc / \n>N;p,k^n 1 

Therefore, by ([53]) . (|3~2|) . and f3"3f in Lemma El 



(3-19) E 7 <C^ + (MOrJH • 

To estimate E4 and Es, notice that if |r(— = \r(k)\ Vfc (which we can always 
assume because otherwise one may replace (r(k)) by + |r(— fc)|)), then the 

change of indices p — > — p and fc — > — fc leads to E4 = E3 and Es = E7. Thus 

„l|2 



(3.20) E 4 < C + (S N (r)Yj ||r||^, E 8 < C I ^- + (MO)' J ||r||^. 

By the inequality 2ab < a 2 + b 2 , considered with a = l/\n 2 —p 2 \ and b = l/\n 2 — fc 2 1 , 
one can easily see that 

(3.21) E 6 < E 5 . 
Finally, by tf3T]) and (J372J) , we get 



(3-22) E 5 = £ uA^El^+^l'El^ + ^I^^IIHI 4 - 

n>JV;p^±n ' ' k i 



18 



PLAMEN DJAKOV AND BORIS MITYAGIN 



Now, (|37T |) - (pr22]) imply (3j|, which completes the proof. 
Lemma 7. In the above notations, we have 



□ 



(3.23) Y, 



^pK2n)| 2 £ ^^Hh + p^ <C\\rf{S N {r)f 



Proof. Let S be the sum in (|3.23[) . The identities 

k + p 1 1 k + p 



1 1 



(n — + n — p n + fc' — /c) n — k n + p 

and the inequality n < |n 2 — p |, ±n, imply that 



^E E 



l l 



n — p n + k 



1 1 



n — k n + p 



|r(2n)| 2 |r(fc+p)| 2 < Ei+Ea+Es+S*, 



where 



E 1 = ]T l^2n)| 2 £ ]T Hk+P)\ 2 < C(£ N (r)f 



E 2 = J2 K2n)| 2 £ j^-j^ Y \r(k+p)\ 2 <C(S N (r)) 



n>N 



* = £ E 



l l 



n>N k,p^±n 



\n — p\ \n — k\ 



\r(2n\ 2 \r{k+p)\ 2 



and 



s 4 = E E ' 1 



\n+p\ \n + k\ 



\r{2n)\ z \r{k + p)\< 



The inequality lab < a 2 + b 2 yields E 3 < E 3 + E' 3 ' with 

4 = E l-C 2 -| 2 E E IKfc+p)| 2 < C(£ N (r)) 

n>N pjt±n ' P ' k^±n 



2„ H |2 



and 



Eg = H 2 »| 2 E uAp E \r(k+ P )\ 2 < C{E N {r)f 

n>N k^±n ' ' p=jL±n 



Therefore, 



E 3 < C\\r\\ 2 {£ N {r)f 



The same argument shows that 



£ 4 < C\\r\\ 2 (£ N (r)) 2 , 



which completes the proof. 



□ 
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4. Unconditional Convergence of Spectral Decompositions 



1. To be accurate we should mention that in Formula (|1.8p the first vector-term 
f N is defined as P N f, where (see [5], (5.40)) 

(4.1) pN = ^-[ (z-L^dz, 

2m JdR N 

and Rn is the rectangle 

(4.2) R N = {z e C : -N < Rez < N 2 + N, \Imz\ < N}. 

The Bari-Markus Theorem (QUE]; M, Section 5.2) gives us the claim (fT5]l if 
the following hypotheses hold: 

(a) W P n ~ P n\\h^ < for some N, 

n>N 

(b) Codim H m = Codim for sufficiently large m, 

where 

H m = Lin Spa,n{RanPk, k > m}, = Lin Sp&n{RanP® k > m} 

Theorem 1 implies (a). On the other hand (b) is proven in details in [9], see 
Theorem 21, in particular, (5.54) and (5.56). Therefore we come to the following. 

Proposition 8. Under the conditions of Theorem^ if N is sufficiently large, then 
for any f G L 2 (I) 

(4.3) f = P N f+Y, P ^ 

n>N 

these series converge unconditionally in L 2 (I). 

This statement has been given in [17], Section 2.4. Our alternative proof is based 
on Fourier method which has been justified in the analysis of Hill operators with 
H^ 1 potentials in our paper [H] (see [7j as well). 

2. In this context it is worth to mention a version of the Bari-Markus theorem 
in the case of ID periodic Dirac operators 

where 

V W = (q{x) P C) )' V & + *)=V(x), P,QeL 2 ([0,n}). 

For Riesz projections (in the case of be = Per 11 and Dir - see definitions and 
details in [IB] or [BJ, Sect. 1.1) Theorem 8.8 in [TBJ or Theorem 4 in 15j claims the 
following: 

Proposition 9. Let ft = (f2(fc)), k <E Z, be a weight such that 

(4 - 4) £ » < °°- 
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If V £ H{Sl), then 

(4.5) F = P N F+ p nF yFeL 2 ; 

\n\>N 

these spectral decompositions converge unconditionally. 
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